The valuation algebra is a generic algebraic structure which links up with local computation and inference. A projection problem in a valuation algebra concerns the focusing of a collection of information on a local domain. In this paper, according to a classification of variable sets, we present some corresponding necessary conditions for mappings to preserve optimal solutions of projection problems in semiring-induced valuation algebra systems. We show that, for a mapping between two semiring-induced valuation algebras, its properties of preserving optimal solutions and preserving the solution ordering are equivalent, if it is order-reflecting. Further, we propose some necessary and sufficient conditions for a projection problem and its translation to have a same optimal solution set. Finally, we show that a lower adjoint of a Galois connection defined between c-semirings preserves optimal solutions of projection problems, if it is order-preserving and surjective.
Introduction
For a collection of information, there always exist two fundamental operations, that is, combination and marginalization. Based on this need of local computation and inference, an algebraic structure named valuation algebra is introduced by Shenoy [1, [12] [13] [14] [15] . In this study, many important examples of valuation algebras such as constraint systems, relational systems, probability potentials, Spohn potentials, can be seen as valuation algebras induced by some semirings [3, 7, 16, 17, 21, 25, 26] . These primary conclusions and examples of semiring-induced valuation algebras can be found in more details in [7, 11] . The following discussion in this paper is based on semiring-induced valuation algebras as its objects.
A projection problem of a valuation algebra defined here is a two-tuple, which consists of a valuation set and a variable set. Solving a projection problem just reflects a procedure of local computation and inference. The schemes of Shenoy-Shafer, Hugin and Lauritzen-Spiegelhalter are all computational architectures for local computation of projection problems in join trees [5, 12, [18] [19] [20] 23, 24] . Here we concern optimal solutions of projection problems in semiring-induced valuation algebras. On the other hand, in many research fields, when there exists difficulty in solving a problem in a complex structure, we can take a method called translation or abstraction into account [2, 9, 10, 22] . The goal of translation is to deal with problems in a relatively simple structure. We naturally hope some important information will not be lost after translation. Since projection problems can be translated from one valuation algebra to another one by mappings between semirings, thus preserving optimal solutions of projection problems becomes a very important condition for these mappings. Some related discussions have appeared in the study of soft constraint satisfaction problems. Bistarelli et al. [2] [3] [4] proposed a Galois insertion-based abstraction scheme for soft constraints, and put forward some conditions for preserving optimal solution in the abstraction. Li and Ying [8] improved or generalized some conclusions in [2] . They have given some necessary and sufficient conditions for a mapping between two semirings to preserve optimal solutions for all constraint systems, which are induced by a semiring and all kinds of different sets of variables.
However, for a given variable set, it is not desirable to consider mapping class of preserving optimal solutions of projection problems by conclusions presented in previous discussion. According to conditions of variable sets and semirings in a valuation algebra, we need to find out some suitable transition objects of this valuation algebra by some conditions of mappings preserving optimal solutions. In view of characteristics of variable sets, we show some corresponding necessary conditions for mappings to preserve optimal solutions of projection problems in this paper. Moreover, we study the relationship between the properties of preserving optimal solutions and preserving the solution ordering for mappings.
This paper is organized as follows. In Section 2 we review some basic notions in the discussion on semiring-induced valuation algebras. In Section 3, some necessary conditions for a mapping to preserve optimal solutions of projection problems are given. In Section 4, from the point of mappings preserving the solution ordering of projection problems, we give an equivalent characterization theorem of surjective semiring homomorphisms. Then, for a mapping between semirings, we demonstrate the relationship between its properties of preserving optimal solutions and preserving the solution ordering. In Section 5, we study conditions for a mapping not to enlarge optimal solution set of a projection problem after translation. And then some conditions for a projection problem and its translation to have a same optimal solution set are given. Section 6 provides the connection between Galois insertions and isomorphisms which are defined between semirings. A sufficient condition for a Galois lower adjoint to preserve optimal solutions of problems is also obtained.
Preliminaries
First, we give some basic notions and notations that we use throughout the paper.
Basic notions and notations
Let A be a set with two binary operations + and ×. We call a tuple A, +, ×, 0, 1 a semiring, if both operations +, × are commutative and associative, and if × distributes over +, where 0 ∈ A is an absorbing element and a unit element of × and + respectively, and 1 ∈ A is a unit element of ×. In particular, if a + 1 = 1 for all a ∈ A, we call A a c-semiring. Clearly the operation + on a c-semiring is idempotent.
An order relation on semirings is defined as follows: a ≤ b if, and only if, a + b = b. If the operation + is idempotent, then the order relation ≤ is a partial order on semirings. The following lemma contains some basic results about this partial order relation. [3, 7] .) Let A be a semiring with the idempotency of +. Then
Lemma 2.1. (See
In this study, variables will be designated by capital letters like X, Y , · · · . Let Ω X be the finite set of possible values of X , and it is called the frame of X . We denote the cardinal number of Ω X by |Ω X |. Lower-case letters such as s, t, · · · , denote sets of variables. For a nonempty set s of variables, let Ω s denote the Cartesian product of the frames Ω X of the variables X ∈ s, i.e., Ω s = X∈s Ω X , and Ω s is called the frame of the set of variables s. If s is empty, for convenience, we denote Ω ∅ = { }. The elements of Ω s are called configurations of s, and we use lower-case, bold-faced letters such as x, y, · · · to designate the configurations. If x is a configurations with domain s and t ⊆ s, then x ↓t denotes the projection of x to the subdomain t. For a tuple x ∈ Ω s , it can be expressed as x = (x ↓t , x ↓s−t ), where t ⊆ s.
Valuation algebras
Valuation algebras, which link up with local computation and inference, are a formalistic concept by abstracting from artificial intelligence including constraint systems, systems of belief functions, from database theory, logic, and etc. [7] . The definition of valuation algebras defined in this paper was given by Kohlas [6, 7] . Definition 2.1. Let (Φ, D) be a tuple with the operations labeling, combination and marginalization, where D is a lattice:
The system (Φ, D) is called a valuation algebra, if it satisfies the following axioms:
(1) Semigroup: Φ is associative and commutative under combination.
Here we usually call an element φ ∈ Φ a valuation. In the following we introduce a kind of valuation algebra induced by semirings and variable sets. Consider a nonempty finite set r of variables with finite frames. Let D = P(r) be 
The system (Φ, D) with operations combination, marginalization and labeling defined above satisfies the axioms of valuation algebras (see [7] ). It is called a valuation algebra induced by the semiring A (and the variable set r).
For two valuations φ, ψ ∈ Φ with the same domain t, we introduce an order relation ≤ as follows:
If A is a semiring with the idempotency of +, then ≤ is a partial order on (Φ, D).
Projection problems
A projection problem P of valuation algebras (Φ, D) is a pair (Γ, s), where Γ is a finite subset of Φ and s ⊆ φ∈Γ d(φ). The valuation (⊗Γ ) ↓s is called the solution of the problem P and denoted by sol(P ), i.e., sol(P ) = (⊗Γ ) ↓s . For x ∈ Ω s , if there is no x such that sol(P )(x ) > sol(P )(x), then x is called an optimal solution of the problem P . We denote the set consisting of all optimal solutions of P by opt(P ). In what follows, we assume that there exists at least one variable X ∈ r such that its frame Ω X contains at least two elements. In fact, for a valuation induced by a variable set, if the frame of each variable contains only one element, the discussion about its optimal solution set is not necessary.
, we denote it as P 1 sol P 2 and call sol the solution ordering of projection problems. It is an anti-symmetric preorder on the set of projection problems. 
For two projection problems
In fact, solving a projection problem is a processing of combination and marginalization for a collection of information. It exists in many research fields. [2] .) Suppose that r = {X 1 , X 2 , · · · , X n } is a set of variables. E is a finite set of possible values of variables. Each mapping c : E |con| → [0, 1] is called a fuzzy constraint, where con is a subset of r. We call con the domain of the constraint c and write d(c) = con. Let Φ denote the set of all constraints in the system. There are two operations defined:
Example 2.1 (Fuzzy constraint satisfaction problem). (See
Then (Φ, P(r)) is a valuation algebra induced by the semiring A = {[0, 1], max, min, 0, 1} (see [4] 
there are two operations defined:
For two mappings φ :
, the combination of them φ ⊗ ψ is defined to be a mapping
We can prove that (Φ, P(A)) is a valuation algebra with these operations defined as above progressively (see Example 2 in [27] ). A projection problem of this system is related with some kind of decision-making problems. For example, let U be a set of some students and A be a set of some attributes of excellent students. Each referee φ i (i ∈ I), who is an expert in some fields, will select a set B ⊆ A and give a score φ i (u, b) for each student u ∈ U and each attribute b ∈ B. According to these values, we may need to infer who are excellent with respect to a new attribute set C ⊆ A. In fact, in some sense, the key of solving this problem is to give the solutions of the projection problem ({φ i : i ∈ I}, C ).
Mapping preserving optimal solutions
Suppose that f is a mapping between two semirings A and B. (Φ, D) and (Ψ, D) are two valuation algebras induced by A and B with a same variable set r respectively. Let P = (Γ, s) be a projection problem of (Φ, D) and
Since each valuation φ can be translated from Φ to Ψ by composing with the mapping f , f (P ) called a translation of P is a projection problem of (Ψ, D). We say f preserves optimal solutions of P , if opt(P ) ⊆ opt( f (P )). If f preserves optimal solutions of all problems in (Φ, D), then we say it preserves optimal solutions of (Φ, D) briefly. 
. This is a contradiction. Then a < b. It implies that f is order-reflecting. 2
In [8] , it has given some necessary and sufficient conditions for a mapping to preserve optimal solutions of all constraint systems induced by a semiring and all kinds of different variable sets. In this part, according to characteristics of a variable set r, we present a necessary condition for a mapping to preserve optimal solutions of a valuation algebra induced by a semiring and the variable set r. 
Proof. If Eq. (1) is not true, then there exist two subsets of A, consisting of u ij and v ij respectively, such that
Based on the assumption, we assume that
otherwise.
For the projection problem 
Proof. First we expand the sets consisting of u ij and v ij respectively.
In the above content, we have assumed that the variable set r has at least one variable X such that its frame Ω X contains at least two elements. Under this precondition, if the assumption about variable sets shown in Lemma 3.1 does not hold, it can be divided into two conditions given in the following two lemmas respectively. 
If p = 1, for the necessity, this conclusion can be obtained from Proposition 3.1. For the part of the sufficiency, let f be order-reflecting and P be a projection problem. Here we can suppose that the solution of P is a mapping φ : Ω X 1 → A. If x ∈ Ω X 1 is an optimal solution of φ, then, since f is order-reflecting, it is also an optimal solution of f • φ.
If p ≥ 2, we show that Eq. (3) holds for n = p − 1. Suppose that there exist two subsets {u j :
For the projection problem P = ({φ j :
It is in contradiction with the assumption in the above. Thus Eq. (3) holds for n = p − 1.
Since f (1) = 1, the following equation holds for all positive integers n ≤ p − 1: 
The proof of Lemma 3.3 is similar to Lemma 3.2. We omit the proof here.
In what follows, we say a variable set r satisfies condition Q, if it has at least four variables and at least two of them contain more than one element. 
Proof. By Corollary 3.1, we have
First, f is monotonic: Let a, b ∈ A and a ≤ b. Then we have, by Lemma 2.1,
. By the same way, we can show that
Corollary 3.2. Under the assumption given in Theorem 3.1, the following condition holds for any two positive integers m and n
Proof. By Theorem 3.1, we can obtain that f is a semiring homomorphism. Then f ( 
Then, for a given variable sets r, we need to know whether f preserves optimal solutions of valuation algebras induced by the semiring A and r. 
2, f cannot preserve optimal solutions of problems. In the following we give an example to show this conclusion is correct indeed. Let φ :
(2) Assume that r = {X}, Ω X = {x, y, z}. For any two elements p and q of A, p ≮ q implies f (p) < f (q). That is, f is order-reflecting. Then opt(P ) ⊆ opt( f (P )) holds for any problem P .
However, f is not a semiring homomorphism, since f (c 
Mapping preserving solution ordering
Let A and B be two semirings. We say f : A → B preserves the solution ordering of projection problems, if P sol P implies f (P ) sol f (P ) for any two projection problems P and P of (Φ, D) induced by the semiring A and a variable set r. Proof. If f is a semiring homomorphism, then f preserves the order ≤ defined on semirings. In fact, if
Let P = (Φ, t) and Q = (Ψ, t) be two projection problems of the valuation algebra induced by the semiring A, where Φ = {φ i : i = 1, 2, · · · , m} and Ψ = {ψ j : j = 1, 2, · · · , n}. We denote
Since f is a semiring homomorphism, for all x ∈ Ω t , we have
Conversely, suppose that f preserves the solution ordering of projection problems. We are going to show that f is a semiring homomorphism. 
Since f is surjective, for any b ∈ B, there exists an a ∈ A such that f (a) = b. Let ψ be a constant mapping that takes value a. We obtain that f (0) ≤ b for all b ∈ B. Thus f (0) = 0. By analogous arguments, we can show that f (1) = 1.
(2) f preserves sums: Let X be any variable whose frame contains at least two elements x 1 , x 2 . Define two valuations φ : Ω X → A and ψ : Ω X → A as follows:
It is obvious that φ ↓∅ = ψ ↓∅ . Since f preserves the solution ordering of projection problems, we have
(3) f preserves products: Let three valuations λ, μ, ν be defined as follows:
since f preserves the solution ordering of projection problems again.
In summary, f is a semiring homomorphism. 2
By Theorem 3.1, for a mapping between semirings, the relationship between its properties of preserving optimal solution and preserving solution ordering is obtained. 
Since f is order-reflecting, we have
It implies that sol(P )(v) > sol(P )(x)
. This is a contradiction with x ∈ opt(P ). Then x ∈ opt( f (P )). This tells us that f preserves the optimal solutions of a valuation algebra induced by the semiring A. 2
Moreover, we can obtain a sufficient and necessary condition of preserving optimal solutions of valuation algebras if a variable set r satisfies condition Q. 
Extensive works
In the above sections, we study the conditions for a mapping to preserve optimal solutions of valuation algebras. But we note that the optimal solution set of a problem is enlarged after translation by a mapping that preserves optimal solutions.
So there is also necessary to study conditions for establishment of opt( f (P )) ⊆ opt(P ), that is, the optimal solution set of a projection problem is not enlarged after translation. These conclusions here will help us to find out some conditions for a projection problem and its translation to have a same optimal solution set. 
Proof. If Eq. (7) is not true, then there exist positive integers m, n and two subsets {u ij : i ∈ I, j ∈ J }, {v ij :
where I = {1, 2, · · · , n} and J = {1, 2, · · · , m}.
Take a valuation algebra system as follows:
Let s j = r − {X j } and φ j : Ω s j → A be defined as follows:
For the projection problem P = ({φ j : j = 1, 2, · · · , m}, {X 0 }), Suppose that x ∈ opt( f (P )), we need to prove x ∈ opt(P ). Let W = {y ∈ Ω t : y ↓s = x}. Set |W | = n and write W = {y 1 ,
It is in contradiction with x ∈ opt( f (P )). Thus x ∈ opt(P ). 2
By the same method as proof in Lemma 3.1, we can obtain the following conclusion similar to Lemma 4.1 in [6] for constraint systems. 
By Corollary 3.2 and Lemma 5.2, we can obtain the following conclusion. It demonstrates the relationship between "part" and "whole" for mappings property of preserving optimal solutions. Furthermore, by some conclusions above, we obtain some conditions for a projection problem and its translation to have the same optimal solution set. (i) opt(P ) = opt( f (P )) holds for any problem P of all valuation algebras induced by semiring A; (9) holds for any two integers m, n, where u ij , v ij ∈ A; (iii) f is a semiring homomorphism and it is also strictly monotonic and order-reflecting.
Proof. By Lemma 5.1 and Lemma 5.2, (i) and (ii) are equivalent.
Similarly as in the proof of Theorem 3.1, if the second condition (ii) holds, we obtain that f is a semiring homomorphism.
If we take n = m = 1, then f is strictly monotonic and clearly order-reflecting. Thus (ii) implies (iii).
(iii) ⇒ (ii) The proof can be obtained directly from Eq. (9). 
For any projection problem P , we have opt(P ) = opt( f (P )). However, f is not an isomorphism.
Some related works
We will compare here our work to abstraction proposals in constraints, which are related to valuation algebras. These questions were first studied in Bistarelli, Codognet and Rossi [2] , where they established a Galois insertion-based abstraction framework for soft constraint problems. (ii) × on A is locally correct with respect to × on C , i.e., (∀a,
Definition 6.3. Given a Galois insertion α, γ : C A, α is said to be order-preserving if for any two sets I 1 and I 2 ,
Clearly α is order-reflecting if it is strong order-reflecting. Also α is strong order-reflecting if it is order-preserving.
A sufficient condition for mappings between semirings to preserve optimal solutions of soft constraint problems has been given in [2] . Theorem 27 showed that an order-preserving abstraction α : S → A preserves optimal solutions of any projection problem P over S, i.e. opt(P ) ⊆ opt(α(P )). Here a conclusion whose conditions are weaker than those of Theorem 27 is obtained. Next we can obtain that α preserves products with the proof in Proposition 6.1 in [8] . Therefore α is a semiring homomorphism. By Lemma 5.2, Eq. (8) is true. Thus α preserves optimal solution of problems. 2 Proposition 6.1 of [8] has shown the property of order-preserving is restrictive, since an order-preserving Galois insertion defined between two semirings with idempotent operations + is indeed a semiring isomorphism. 1 If some conditions on semirings are strengthened, the following conclusion can be obtained, which further illustrates the relationship between semiring homomorphism and order-reflecting. 
Conclusion
In this paper, we discussed the problem on mappings preserving optimal solutions of projection problems in semiringinduced valuation algebras. First, we have given some necessary conditions for a mapping to preserve the optimal solution set of a projection problem. Theorem 4.1 has given a characterization of a surjective semiring homomorphism in semiringinduced valuation algebras. Further, Theorem 4.2 showed that, in a valuation algebra induced by a variable system with condition Q, a surjective mapping preserves optimal solutions of projection problems if and only if it is order-reflecting and it preserves solution ordering of projection problems. In Theorem 5.2, we obtained some conditions for a projection problem and its translation to have a same set of optimal solutions. In the final part of the paper some relationships between Galois connections and isomorphisms are discussed. Compared with the conclusion in [2] , a weaker sufficient condition for a lower adjoint defined between c-semirings to preserve optimal solutions was obtained.
